Abstract. In this paper, we introduce the notion of toric special weak Fano manifolds, which have only special primitive crepant contractions. We study the structure of them, and in particular completely classify smooth toric special weak Fano 4-folds. As a result, we can confirm that almost every smooth toric special weak Fano 4-fold is a weakened Fano manifold, that is, a weak Fano manifold which can be deformed to a Fano manifold.
Introduction
Minagawa studied the deformations of primitive crepant contractions on a smooth weak Fano 3-fold in [Mi1] , and introduced the following notion of weakened Fano manifolds in [Mi2] : Definition 1.1. Let X be a smooth weak Fano d-fold over the complex number field C. Then, X is a weakened Fano manifold if the following hold:
(1) X is not a Fano manifold.
(2) There exists a one-parameter deformation f : X → ∆ ǫ := {c ∈ C | |c| < ǫ } for sufficiently small ǫ > 0 such that the central fiber X 0 := f −1 (0) is isomorphic to X, while any general fiber X t := f −1 (t) is a Fano manifold for any t ∈ ∆ ǫ \ {0}.
For d = 2, every smooth weak del Pezzo surface is always a weakened del Pezzo surface if it is not a del Pezzo surface. Smooth toric weakened Fano 3-folds were classified in [Sa2] by using the characterization of smooth weakened Fano 3-folds in [Mi1] , which says that a smooth weak Fano 3-fold X is a weakened Fano manifold if and only if every primitive crepant contraction on X is of (0, 2)-type, and X is not a Fano manifold. In this paper, based on this characterization theorem and the deformation theory of toric manifolds in [LaMe] , we define smooth toric special weak Fano d-folds (see Definition 3.3). The smooth toric special weak Fano varieties have common geometric properties (see Theorem 3.8).
As an application, we can classify all the smooth toric special weak Fano 4-fold in Section 4. Moreover, by using the deformation families of toric manifolds constructed in [LaMe] , we see almost every smooth toric special weak Fano 4-fold is deformation equivalent to a Fano manifold. In particular, they are smooth toric weakened Fano 4-folds without two unknown cases. Thus, the condition for smooth toric special weak Fano 4-folds is also a sufficient condition for smooth toric weakened Fano 4-folds under some assumption. This paper is organized as follows: In Section 2, we collect some basic results of the toric geometry such as primitive collections and relations, the toric Mori theory, toric bundles and so on. In Section 3, we introduce the concept of smooth toric special weak Fano varieties, which are the main objects in this paper, and study the structure of them. In Section 4, we completely classify all the smooth toric special weak Fano 4-folds, and investigate the deformations of them in Section 5. Number JP18K03262. The author would like to thank Professor Hirokazu Nasu, who kindly answered his questions about the deformation theory.
Preliminary
In this section, we prepare the basic results in the toric geometry and the toric Mori theory. Fore the details, please see [CoLiSc] , [Fl] and [O] for the toric geometry, and see [FjSa] , [Ma] and [R] for the toric Mori theory. Also refer [B1] , [B2] , [Ca] and [Sa1] for the concepts of primitive collections and relations, which are very useful for our theory. We will work over the complex number field C throughout this paper.
Let N := Z d , M := Hom Z (N, Z), N R := N ⊗ Z R and M R := M ⊗ Z R. n 1 , . . . , n r stands for the cone generated by n 1 , . . . , n r ∈ N R . For a fan Σ in N, we denote by X = X Σ the toric d-fold associated to Σ. For a smooth complete fan Σ, put G(Σ) := {the primitive generators of 1-dimensional cones in Σ} ⊂ N.
For any x ∈ G(Σ), there is the corresponding torus invariant divisor D x on X. We have the following fundamental exact sequence
where we regard Z G(Σ) as the group x∈G(Σ) ZD x of torus invariant divisors on X, naturally. In its dual exact sequence
where A 1 (X) is the group of numerical 1-cycles on X, we have
for (a x ) x∈G(Σ) ∈ Z G(Σ) * . Therefore, we obtain the following isomorphism of abelian groups:
Thus, we can regard a linear relation among elements in G(Σ) as a numerical 1-cycle on X. In particular, the following relation is important for our theory:
Definition 2.1 ([B1, Definitions 2.6, 2.7 and 2.8]). Let X = X Σ be a smooth complete toric variety. We call a nonempty subset P ⊂ G(Σ) a primitive collection in Σ if P does not generate a cone in Σ, while any proper subset of P generates a cone in Σ.
For a primitive collection P = {x 1 , . . . , x r }, there exists the unique cone σ(P ) ∈ Σ such that x 1 + · · · + x r is contained in the relative interior of σ(P ). Put σ(P ) ∩ G(Σ) = {y 1 , . . . , y s }. Then, we have a linear relation
We call this relation the primitive relation of P . Thus, by the above argument, we obtain the numerical 1-cycle r(P ) ∈ A 1 (X) for any primitive collection P ⊂ G(Σ). We put deg P := r−(a 1 +· · ·+a s ). We remark that deg P is the intersection number (−K X · r(P )).
Primitive collections and relations are very important in the toric Mori theory as follows:
Theorem 2.2 ([B1, Theorem 2.15]). Let X = X Σ be a smooth projective toric variety. Then, the Kleiman-Mori cone NE(X) of X is generated by the 1-cycles associated to primitive relations. Namely,
When r(P ) is contained in an extremal ray of NE(X), we call P an extremal primitive collection.
Remark 2.3. It is well-known that for a smooth projective toric variety X = X Σ , NE(X) is generated by torus invariant curves on X. More strongly, for any curve C ⊂ X, there exist torus invariant curves C 1 , . . . , C l and positive integers b 1 , . . . , b l ∈ Z >0 such that
The proof is contained in the Japanese version of [O] .
For an extremal primitive collection P ⊂ G(Σ), the associated extremal contraction can be described by using its primitive relation. Let x 1 + · · · + x r = a 1 y 1 + · · · + a s y s be its primitive relation, and ϕ R : X → X the extremal contraction associated to the extremal ray R = R ≥0 r(P ) ⊂ NE(X).
Then, the following hold:
The following is a condition that a primitive collection is contractible, that is, we can construct a contraction morphism associated to a primitive collection.
Proposition 2.4. Let X = X Σ be a smooth projective toric variety, and x 1 + · · · + x r = a 1 y 1 + · · · + a s y s be an extremal primitive relation in Σ, where x 1 , . . . , x r , y 1 , . . . , y s ∈ G(Σ) and a 1 , . . . , a s ∈ Z >0 .Then, for any τ ∈ Σ such that (τ ∩ G(Σ))∩{x 1 , . . . , x r , y 1 , . . . , y s } = ∅ and y 1 . . . , y s + τ ∈ Σ, we have
The following is a characterization of a toric bundle structure using primitive collections. The proof is omitted.
Proposition 2.5. Let X = X Σ be a smooth projective toric d-fold. Suppose that there exist nonempty subsets
and for any primitive collection P ⊂ G(Σ), either P ⊂ G 1 or P ⊂ G 2 holds. Put 
Toric special weak Fano manifolds
Fano manifolds and weak Fano manifolds are very important objects in the birational geometry, and are simply defined as follows:
Definition 3.1. Let X = X Σ be a smooth projective toric d-fold. We call X a toric Fano (resp. weak Fano) manifold if its anticanonical divisor −K X is ample (resp. nef). By Definition 2.1 and Theorem 2.2, we have the following equivalence: X is a Fano (resp. weak Fano) manifold if and only if deg P > 0 (resp. deg P ≥ 0) for any primitive collection P in Σ.
We introduce the following subclass of toric weak Fano manifolds in order to settle the characterization of toric weakened Fano manifolds. Definition 3.2. Let X = X Σ be a smooth toric weak Fano d-fold, and ϕ : X → X be a primitive crepant contraction. We call ϕ a special primitive crepant contraction if the following hold:
(1) ϕ corresponds to an extremal primitive relation x 1 + x 2 = 2x, where x 1 , x 2 , x ∈ G(Σ). Namely, ϕ is a divisorial contraction and its exceptional divisor E is isomorphic to a
Definition 3.3. Let X = X Σ be a smooth toric weak Fano d-fold. We call X a toric special weak Fano d-fold if X is not a Fano manifold, and every primitive crepant contraction ϕ : X → X on X is special.
In the rest of this section, we study the structure of toric special weak Fano manifolds. Proof. The anticanonical model Φ |−K X | (X) is a Gorenstein toric Fano variety and it is uniquely determined by G(Σ). Since every primitive crepant contraction of X is special, the crepant resolution of Φ |−K X | (X) is also unique.
Proposition 3.5. Let X = X Σ be a smooth toric special weak Fano d-fold. Then, for any
Proof. If deg P = 2 then dim σ(P ) = 0, while if deg P = 1 then dim σ(P ) = 1. Thus, we may assume that deg P = 0 and dim σ(P ) = 2, that is, σ(P ) = w 1 , w 2 for w 1 , w 2 ∈ G(Σ) and the primitive relation for P is z 1 + z 2 = w 1 + w 2 . Since every primitive crepant contraction is special, P is not extremal. Therefore, there exist extremal primitive collections P 1 , . . . , P n ⊂ G(Σ) such that r(P ) = a 1 r(P 1 ) + · · · + a n r(P n ), where n ≥ 2 and a 1 , . . . , a n > 0. Since deg P = 0, we have deg P 1 = · · · = deg P n = 0. This means that for any 1 ≤ i ≤ n, the extremal contraction associated to P i must be a special primitive crepant contraction. In particular, there exist two extremal primitive relations x 1 + x 2 = 2x and y 1 + y 2 = 2y
such that x = w 1 and y = w 2 . We remark that x, y = w 1 , w 2 = σ(P ) ∈ Σ. Since some of elements x 1 , x 2 , x, y 1 , y 2 , y may coincide, we have to consider the following four cases:
(1) The case where x 1 = y 1 . Since x 1 +x 2 = 2x and y 1 +y 2 = 2y are extremal, Proposition 2.4 tells us that x, y 2 , x 2 , y ∈ Σ. On the other hand, the relations x 1 + x 2 = 2x, y 1 + y 2 = 2y and x 1 = y 1 imply that
The last relation means that either {x 2 , y} or {x, y 2 } does not generate a cone in Σ. This is a contradiction.
(2) The case where x = y 1 . By Proposition 2.4, y, x 1 and y, x 2 are in Σ as above. Since y 1 + y 2 = 2y corresponds to a special primitive crepant contraction, there exists m ∈ M as in Definition 3.2. For this m, we have
On the other hand,
(3) The case where x = y 1 and x 2 = y. Let m ∈ M be the element as in Definition 3.2 for the extremal primitive relation x 1 + x 2 = 2x.
If z 1 and z 2 are not contained in the line passing through x 1 , x, y, y 2 , then there must exist v ∈ G(Σ) \ {x 1 , x 2 , x} such that m(v) = −1 and x, v ∈ Σ, since the triangle whose vertices are x 1 , x 2 and z 1 is contained in the hyperplane
However, this is impossible, because x, v ∈ Σ implies m(v) = 0 by the definition of a special primitive crepant contraction. Therefore, z 1 , z 2 , x 1 , x, y, y 2 are contained in a line. In this case, x and y are contained in the relative interior of z 1 , z 2 .
(4) The case where x 1 , x 2 , x, y 1 , y 2 , y are distinct elements. By applying Proposition 2.4 to the extremal primitive relations x 1 + x 2 = 2x and y 1 + y 2 = 2y several times, we can easily see that x, y, x 1 , y 1 , x, y, x 1 , y 2 , x, y, x 2 , y 1 , x, y, x 2 , y 2 ∈ Σ.
Let m 1 , m 2 ∈ M be the elements associated to the extremal primitive relations x 1 +x 2 = 2x and y 1 + y 2 = 2y as in Definition 3.2, respectively. We remark that
Then,
Without loss of generality, we may assume m 1 (z 1 ) = −1 and m 1 (z 2 ) = 0. As in the case of (3), z 1 have to be contained in the line L 1 passing through
we have m 2 (z 2 ) = −1 and z 2 , y 1 , y 2 , y are contained in a line. Consequently, z 1 and z 2 are expressed as follows:
Since x, y, x 1 , y 1 are linearly independent, x, y, z 1 , z 2 are also linearly independent. However, this is a contradiction, because there is a linear relation z 1 + z 2 = x + y.
Let X = X Σ be a smooth toric special weak Fano d-fold. Since X is not Fano, there exists at least one special primitive crepant contraction ϕ : X → X. So, let x 1 + x 2 = 2x (x 1 , x 2 , x ∈ G(Σ)) be the extremal primitive relation associated to ϕ. We use the same notation E ⊂ X, ϕ(E) ∼ = Y ⊂ E and Σ Y ⊂ Σ as in Definition 3.2. Put
while put
Remark 3.6. By the definition, we have R ≥0 x+R ≥0 x 1 , R ≥0 x+R ≥0 x 2 ∈ Σ, while R ≥0 x+σ is a (dim σ + 1)-dimensional cone in Σ for any σ ∈ Σ Y . We remark that S 1 is a subspace in N R , but S 2 is not necessarily a subspace. Obviously, S 1 ∩ S 2 = Rx.
We can show the following:
Then, either I ⊂ S 1 or I ⊂ S 2 holds.
Proof. First, we show that I ⊂ S 1 ∪ S 2 . Obviously, for any z ∈ I, {x, z} is a primitive collection. If x + z = 0, then z = −x ∈ S 1 ∩ S 2 . So suppose that x + z = 0. Then, Proposition 3.5 says that there exists
The case where z ′ = x 2 is completely similar. If z ′ = y for some y ∈ G(Σ Y ), then we can show that z ∈ S 2 similarly. So, we may assume z ′ ∈ I. In this case, we can replace z by z ′ and do the same arguments repeatedly. This operation has to finish in finite steps. Therefore, we obtain a finite subset {z 0 := z, z 1 , . . . , z s } ⊂ G(Σ) such that z 0 , . . . , z s−1 ∈ I, while z s ∈ {x 1 , x 2 } ∪ G(Σ Y ). In any case, {z 0 , z 1 , . . . , z s } is contained in either S 1 or S 2 .
Next, we show that I ⊂ S 1 or I ⊂ S 2 . Suppose that there exist z 1 ∈ S 1 ∩I and z 2 ∈ S 2 ∩I such that z 1 = −x and z 2 = −x. As mentioned above, without loss of generality, we may assume that there exist z ′ 1 ∈ S 1 ∩ I and z ′ 2 ∈ S 2 ∩ I such that x 1 is contained in the relative interior of x, z ′ 1 , while for some y ∈ G(Σ Y ), y is contained in the relative interior of x, z ′ 2 . Thus, we obtain
means that either {z
} is a primitive collection. In any case, we have a contradiction, because there exists w ∈ I such that w ∈ S 1 ∪ S 2 by Proposition 3.5.
More precisely, we obtain the following.
Theorem 3.8. Let X = X Σ be a smooth toric special weak Fano d-fold with a special primitive crepant contraction ϕ such that the exceptional divisor is E and the associated extremal primitive relation is x 1 + x 2 = 2x, where x 1 , x 2 , x ∈ G(Σ). Then, one of the following holds:
(1) X is isomorphic to a smooth toric weak del Pezzo surface bundle over ϕ(E).
(2) For any primitive collection P = {x 1 , x 2 } of Σ, we have P ∩ {x 1 , x 2 } = ∅.
Proof. We use the same notation as in Proposition 3.7. First we consider the case where I ⊂ S 1 in Proposition 3.7. Since S 1 is a subspace in N R , there exists the 2-dimensional subfan Σ ′ ⊂ Σ such that |Σ ′ | = S 1 . Lemma 3.4 tells us that X is isomorphic to an S-bundle over ϕ(E), where S ⊂ X is the torus invariant subsurface corresponding to Σ ′ (also see Proposition 2.5). Obviously, S have to be a smooth toric weak del Pezzo surface.
The other case is obvious.
The classification of smooth toric special weak Fano 4-folds
In this section, we classify all the smooth toric special weak Fano 4-folds using the results in the previous section. We omit the trivial case, that is, the case where a smooth toric special weak Fano 4-fold X is isomorphic to a direct product of lower-dimensional subvarieties. In this case, X is trivially a smooth toric weakened Fano 4-fold. We use the same notation as in Proposition 3.7 such as x 1 + x 2 = 2x, m, S 1 , S 2 , I, Y and Σ Y .
For the classification, we describe the classification list of smooth toric weak del Pezzo surfaces in [Sa2] here. We should remark that this classification list is equivalent to the one of Gorenstein toric del Pezzo surfaces (see [K] ). Here, we use row vectors to describe elements in N. In this classification list, we denote by F a the Hirzebruch surface of degree a, while we denote by S n the del Pezzo surface of degree n. (I) the case where I ⊂ S 1 . Let S be the smooth toric weak del Pezzo surface in X corresponding to the fan in S 1 . In this case, X is an S-bundle over Y (see Theorem 3.8). Obviously, Y is also a smooth toric weak del Pezzo surface.
By Proposition 2.5, X is not isomorphic to the direct product S × Y if and only if there exists a primitive collection
Suppose that ρ(Y ) ≥ 2, where ρ(Y ) stands for the Picard number of Y . In this case, every primitive collection of Σ Y contains exactly two elements. For y ∈ N, we denote by y the image of y by the projection N R → N R /S 1 , and we denote by Σ Y the natural fan in N R /S 1 associated to Y . Let P = {y 1 , y 2 } ⊂ G(Σ Y ) be a primitive collection, and assume that σ(P ) ∩ G(Σ) ⊂ G(Σ Y ). We remark that {y 1 , y 2 } is also a primitive collection of Σ Y . If the primitive relation of {y 1 , y 2 } is either y 1 + y 2 = 2y 3 or y 1 + y 2 = y 3 + y 4 , where y 3 , y 4 ∈ G(Σ Y ), then the primitive relation of P is also either y 1 + y 2 = 2y 3 or y 1 + y 2 = y 3 + y 4 , because X is a weak Fano manifold, that is, deg P ≥ 0. This contradicts the assumption σ(P ) ∩ G(Σ) ⊂ G(Σ Y ). Next, if the primitive relation of {y 1 , y 2 } is y 1 + y 2 = y 3 , then for some element z ∈ G(Σ Y ), the primitive relation of P has to be y 1 + y 2 = y 3 + z.
However, since {y 1 , y 2 , y 3 , z} spans a 3-dimensional subspace in N R , this contradicts Proposition 3.5. So, the remaining case is that the primitive relation of {y 1 , y 2 } is y 1 + y 2 = 0.
If {y 1 , y 2 } is not extremal, then there exist extremal primitive collection P 1 , . . . , P l of Σ Y (l ≥ 2) such that r({y 1 , y 2 }) = a 1 r(P 1 ) + · · · + a l r(P l ) for a 1 , . . . , a l ∈ Z >0 (see Remark 2.3). Obviously, deg P i ≤ 1 for any i. This means that the primitive relation of P i in Σ is same as the one in Σ Y for any i by the above argument. This is impossible because the primitive relation of {y 1 , y 2 } in Σ and the one in Σ Y are distinct. Thus, we obtain the following:
Proposition 4.1. Let X be a smooth toric special weak Fano 4-fold which is isomorphic to an S-bundle over Y , where S and Y are smooth toric weak del Pezzo surfaces, and
On the other hand, for the possiblities for the fiber S, the following holds. This fact makes our classification easier. 
Proposition 4.2. If X is not isomorphic to the direct product S × Y , then
This means that y 1 , . . . , y l are contained in a 2-dimensional subspace in N R . Namely, X is isomorphic to the direct product of S and Y .
Thus, the possibilities for Y are P 2 , P 1 × P 1 , F 1 and F 2 by Let G(Σ Y ) = {y 1 , y 2 , y 3 }. In this case, {y 1 , y 2 , y 3 } is the unique primitive collection in Σ Y , and we have the primitive relation y 1 + y 2 + y 3 = 0 in Σ Y . Obviously, {y 1 , y 2 , y 3 } is an extremal primitive collection, so the possibilities for its primitive relation are y 1 + y 2 + y 3 = az 1 and y 1 + y 2 + y 3 = z 1 + z 2 for z 1 , z 2 ∈ G(Σ) \ G(Σ Y ) and a = 1, 2 because the associated extremal ray has to be K X -negative. For the first case, am(z 1 ) = m(y 1 + y 2 + y 3 ) = m(y 1 ) + m(y 2 ) + m(y 3 ) = 0. For the second case, similarly, we have m(z 1 )+m(z 2 ) = 0. However, since m(z 1 ) and m(z 2 ) are at least −1, we have m(z 1 ) = −1, m(z 2 ) = 1 or m(z 1 ) = 1, m(z 2 ) = −1. We remark z 1 , z 2 ∈ Σ. By using the above arguments and Table 1 , we can easily classify all the smooth toric special weak Fano 4-folds as follows. In the list, we use the notation in Table 1 for S. X is determined by giving the primitive relation for {y 1 , y 2 , y 3 }. 
y 1 + y 2 + y 3 = w 2 + w 3 w 3 2w 3 w 4 + w 5 w 3 2w 3 Y ∼ = P 1 × P 1 , F 1 or F 2 Similary, for any extremal primitive relation y 1 + y 2 = 0 in Σ Y , the possibilities for the primitive relation of {y 1 , y 2 } is y 1 + y 2 = z and y 1 + y 2 = 2z, where z ∈ G(Σ) \ G(Σ Y ) and m(z) = 0. In the second case, the primitive crepant contraction associated to y 1 + y 2 = 2z has to be special. Therefore, for z 1 , z 2 ∈ G(Σ Y ) such that z 1 , z , z, z 2 ∈ G(Σ), z 1 and z 2 are centrally symmetric, that is, z 1 + z 2 = 0. However, this phenomenon does not occur (see the classification below).
By using these results, we can do the classification easily. The classification lists are as follows.
Let Y ∼ = P 1 × P 1 , and y 1 + y 3 = 0, y 2 + y 4 = 0 the primitive relations for Y . Then, X is determined by giving the primitive relations for {y 1 , y 3 } and {y 2 , y 4 }. We remark that if either y 1 + y 3 = 0 or y 2 + y 4 = 0 holds, then X is isomorphic to P 1 × V for a smooth toric special weak Fano 3-fold V . 
y 1 + y 3 = w 3 w 3 w 3 y 2 + y 4 = w 3 w 3 w 5
Let Y ∼ = F 1 , and y 1 + y 3 = 0, y 2 + y 4 = y 1 the primitive relations for Y . Then, X is determined by giving the primitive relation for {y 1 , y 3 }. Let Y ∼ = F 2 , and y 1 + y 3 = 0, y 2 + y 4 = 2y 1 the primitive relations for Y . Then, X is determined by giving the primitive relation for {y 1 , y 3 }. Remark 4.4. Z 12 and Z 13 have two special primitive crepant contractions.
(II) the case where I ⊂ S 2 . First, we remark that for any v ∈ G(Σ),
Suppose that ρ(Y ) ≥ 2. Then, for any primitive collection {y 1 , y 2 } ⊂ G(Σ Y ), the element z ∈ σ({y 1 , y 2 }) ∩ G(Σ) has to be m(z) = 0 by Proposition 3.5. Namely, z ∈ G(Σ Y ). So, |Σ Y | is a subspace in N R , and then S 2 is also a subspace in N R . Thus, we obtain the following.
Proposition 4.5. Let X be a smooth toric special weak Fano 4-fold, and suppose that I ⊂ S 2 . If ρ(Y ) ≥ 2, then X is isomorphic to a V -bundle over P 1 , where V is the 3-dimensional subvariety corresponding to the complete fan in S 2 .
Remark 4.6. In Proposition 4.5, V has to be either a smooth toric Fano 3-fold or a smooth toric special weak Fano 3-fold. In the case of dimension 3, it was shown by [Mi1] and [Mi2] that a smooth toric weak Fano 3-fold is special if and only if it is a weakened Fano manifold (also see [Sa2] ). Moreover, if V is a direct product of P 1 and a smooth toric weak del Pezzo surface, then X is isomorphic to either a direct product of P 1 and a smooth toric special weak Fano 3-fold or a direct product of F 2 and a smooth toric weak del Pezzo surface. So, we can omit these trivial cases. Now, we start the classification. First we consider the case where X is isomorphic to a V -bundle over P 1 . We remark that V has to be either a smooth toric Fano 3-fold or a smooth toric weakened Fano 3-fold. V must have a toric fibration
The fiber V 0 corresponds to x. If V ∞ is also isomorphic to Y , then V is a Y -bundle over P 1 . The case where V is a smooth toric Fano 3-fold. We use the notation in the classification list of smooth toric Fano 3-fold in [B2] . Trivially, V ∼ = P 3 is impossible.
• V is of type B. B 4 is a direct product. For B 1 and B 2 , there is no subvariety which corresponds to Y . So, the remaining case is B 3 . The primitive relations of B 3 are
By adding one more primitive relation
, we obtain a new smooth toric special weak Fano 4-fold Z 14 . The last primitive relation corresponds to a special primitive crepant contraction. Y ∼ = P 2 and V is a Y -bundle over P 1 .
• V is of type C. C 3 and C 4 is isomorphic to P 1 × P 1 × P 1 and P 1 × F 1 , respectively. The primitive relations of the remaining cases are as follows:
One can easily see that there exist exactly two, one and two toric surface bundle structures over P 1 for C 1 , C 2 and C 5 , respectively. For C 1 and C 5 , they coincide. Thus, we have three new smooth toric special weak Fano 4-folds Z 15 (V ∼ = C 1 ), Z 16 (V ∼ = C 2 ) and Z 17 (V ∼ = C 5 ), by adding a primitve relation x 1 + x 2 = 2v 4 to the above three cases, where G(Σ) = {x 1 , x 2 } ∪ G(Σ V ). This primitive relation corresponds to a specical primitive crepant contraction. In every case, we have Y ∼ = F 1 .
• V is of type D. The type D 1 is impossible, because there does not exist a subvariety corresponding to Y . For V ∼ = D 2 , there exists exactly one toric fibration to P 1 (not a bundle structure). Thus, we obtain a smooth toric special weak Fano 4-fold Z 18 whose primitve relations are
• V is of type E. The type E is a S 7 -bundle over P 1 . In particular, E 3 is isomorphic to P 1 × S 7 . The primitive relations of the remaining cases are as follows:
For V ∼ = E 1 , there exists one toric fibration V → P 1 associated to the projection
In fact, we obtain a smooth special weak Fano 4-fold by adding the primitive relation x 1 + x 2 = 2v 6 , where G(Σ) = G(Σ V ) ∪ {x 1 , x 2 }. In this case, Y ∼ = S 7 . We denote by Z 19 this smooth toric special weak Fano 4-fold. For V ∼ = E 2 , there exists two toric fibrations V → P 1 associated to the projections
The first one is the case where Y ∼ = S 7 and x 1 + x 2 = 2v 6 , while the second one is the case where Y ∼ = F 1 and x 1 + x 2 = 2v 3 , where G(Σ) = G(Σ V ) ∪ {x 1 , x 2 }. We denote by Z 20 and Z 21 these smooth toric special weak Fano 4-folds, respectively. For Z 21 , the toric fibration V → P 1 has a singular fiber. Namely, V is not an F 1 -bundle over P 1 . For V ∼ = E 4 , we have two toric fibrations V → P 1 , too. They are associated to the projections S 2 → S 2 / (Rv 1 + Rv 2 ) and S 2 → S 2 / (Rv 3 + Rv 6 ) .
The first one is the case where Y ∼ = S 7 and x 1 + x 2 = 2v 6 , while the second one is the case where Y ∼ = F 1 and x 1 + x 2 = 2v 4 , where G(Σ) = G(Σ V ) ∪ {x 1 , x 2 }. We denote by Z 22 and Z 23 these smooth toric special weak Fano 4-folds, respectively. We remark that for Z 23 , V is not an F 1 -bundle over P 1 .
• V is of type F . The type F is a S 6 -bundle over P 1 . In particular, F 1 is isomorphic to P 1 × S 6 . So, let V ∼ = F 2 . The primitive relation of V are
Then, obviously we obtain a new smooth toric special weak Fano 4-fold Z 24 by adding the primitive relation x 1 +x 2 = 2v 7 , where G(Σ) = G(Σ V ) ∪ {x 1 , x 2 }. In this case, Y ∼ = S 6 . We remark that there exist other three toric fibrations V → P 1 whose general fibers are isomorphic to P 2 . However, they are impossible, since all of them have two singular fibers. The case where V is a smooth toric weakned Fano 3-fold. We describe the four toric weakened Fano 3-folds X 
, there exists one toric fibration from V to P 1 associated to the projection
However, the smooth toric weak Fano 4-fold X by adding a primitive relation x 1 +x 2 = 2x + is not special, because the primitive crepant contraction associated to x + + x − = 2x 0 is not special. In fact, for m ′ ∈ M associated to x + + x − = 2x 0 as in Definition 3.2, we have
This contradicts the primitive relation x 1 + x 2 = 2x + .
For V ∼ = X 0 4 , we have two toric fibrations V → P 1 associated to
Let X 1 and X 2 be smooth toric weak Fano 4-folds constructed by adding primitive relations x 1 + x 2 = 2x + and x 1 + x 2 = 2y − , respectively. X 1 is not special as in the case where V ∼ = X 
, there exists a toric fibration V → P 1 associated to the projection
Thus, we have a smooth toric special weak Fano 4-fold by adding the primitive relation x 1 + x 2 = 2x + . X is isomorphic to a W 3 -bundle over F 2 in this case. In fact, this manifold is isomorphic to Z 12 . For V ∼ = X 1 5 , there exist exactly two toric fibrations V → P 1 associated to S 2 → S 2 / (Rx 0 + Rx + ) and S 2 → S 2 / (Ry + + Rz 1 ) .
In the former case, X is a W 1 4 -bundle over F 2 and is isomorphic to Z 13 . In the second case, we have a new smooth toric special weak Fano 4-fold Z 26 which has one more primitive relation x 1 + x 2 = 2z 2 . In this case, Y ∼ = F 1 .
Finally, we consider the remaining case, that is, the case where Y ∼ = P 2 and V has no Y -fibration over P 1 . In this case, one can easily see that there exist two primitive relations x 1 + x 2 = 2x and y 1 + y 2 + y 3 = x 1 + z i , where G(Σ Y ) = {y 1 , y 2 , y 3 }, I = {z 1 , . . . , z l } and 1 ≤ i ≤ l (remark that G(Σ) = {x 1 , x 2 , x} ∪ G(Σ Y ) ∪ I). By [B1, Proposition 3 .2], we have one more primitive relation
since X is projective. We may assume j = 1.
By using Proposition 3.5, we can prove the following. The proof is similar to the one of Proposition 3.7. So, we omit the proof.
Lemma 4.7. {z 1 , . . . , z l } is contained in one of the following 2-dimensional cones: z 1 , y 1 , z 1 , y 2 and z 1 , y 3 .
Without loss of generality, we may assume {z 1 , . . . , z l } ⊂ z 1 , y 1 by Lemma 4.7. Permute z 2 , . . . , z l in order of proximity to z 1 . Then, {z k , z k+2 } is a primitive collection for 1 ≤ k ≤ l − 1, where put z l+1 := y 1 . If there exists a primive relation
then we have a primitive crepant contraction associated to this primitive relation, because there are eight 4-dimensional cones
, z k+2 , x 1 , y 2 , z k+1 , z k+2 , x 1 , y 3 , z k+1 , z k+2 , x 2 , y 2 and z k+1 , z k+2 , x 2 , y 3 ∈ Σ which contain z k+1 (see Proposition 2.4). So, this primitive crepant contraction has to be special. However, since x 1 , x 2 , y 2 , y 3 spans N R , this is a contradiction. Thus, we have primitive relations z k + z k+2 = z k+1 for 1 ≤ k ≤ l − 1. Suppose that l ≥ 3. By adding two primitive relations z 1 + z 3 = z 2 and z 2 + z 4 = z 3 , we have another primitive relation z 1 + z 4 = 0. This is impossible. So, we have l ≤ 2. If l = 1, then the primitive relations of Σ are x 1 + x 2 = 2x, y 1 + y 2 + y 3 = x 1 + z 1 and x + z 1 = 0.
One can easily see that X is an F 2 -bundle over P 2 in this case. So, this is also in the case where I ⊂ S 1 . In fact, X is isomorphic to Z 1 .
Suppose that l = 2. If i = 1, then we have the extremal primitive relation z 2 + y 2 + y 3 = z 1 + z 3 + y 2 + y 3 = z 1 + y 1 + y 2 + y 3 = 2z 1 + x 1 .
The associated primitive crepant contraction is not special, a contradiction. If i = 2, then we have the extremal primitive relation
similarly. However, z 1 , z 2 , x 1 is a 3-dimensional cone in Σ. So, we also have a contradiction in this case. Thus, we have no new smooth toric special weak Fano 4-fold in this case. This finishes the classification.
Theorem 4.8. There exist exactly 26 smooth toric special weak Fano 4-folds which does not decomposed into a direct product of lower-dimensional varieties.
Deformations of smooth toric special weak Fano 4-folds
If a smooth toric special weak Fano 4-fold X is isomorphic to a direct product of lowerdimensional varieties, then X is obviously a smooth toric weakened Fano 4-fold. So, in this final section, we deal with the remaining cases. Namely, we show that smooth toric special weak Fano 4-folds Z i (1 ≤ i ≤ 26) classified in Section 4 are deformation equivalent to Fano manifolds with a few exceptions using the deformation families constructed in [LaMe] .
As examples, we show that Z 1 (the case where I ⊂ S 1 ) and Z 14 (the case where I ⊂ S 2 ) are deformation equivalent to Fano manifolds. The other cases are almost completely similar. However, we cannot apply this technique for the case where
for a special primitive crepant contraction on X, because the general fiber of the deformation family in this case is not a toric variety in general. Thus, we cannot determine whether smooth toric special weak Fano 4-folds Z 18 , Z 21 , Z 23 , Z 25 and Z 26 are deformation equivalent to Fano manifolds or not with our theory.
Example 5.1. Let X = X Σ be the smooth toric special weak Fano 4-fold of type Z 1 . Then, G(Σ) = {x, x 1 , x 2 , x 3 , y 1 , y 2 , y 3 }, where The primitive relations of Σ are x 1 + x 2 = 2x, x + x 3 = 0 and y 1 + y 2 + y 3 = x 1 + x 3 .
In this case, x 1 + x 2 = 2x is an extremal primitive relation associated to a primitive special crepant contraction. m ∈ M as in Definition 3.2 is the first projection (a 1 , a 2 , a 3 , a 4 ) → a 1 . Put D 0 , D 1 , D 2 , D 3 , E 1 , E 2 , E 3 be the torus invariant prime divisors corresponding to x, x 1 , x 2 , x 3 , y 1 , y 2 , y 3 , respectively. By calculating the rational functions for the dual basis of the standard basis for N, we obtain
in Pic(X). {D 2 , D 3 , E 3 } is a Z-basis for Pic(X), and the other torus invariant prime divisors are expressed as follows:
Thus, the degree matrix of X is [LaMe] , there exists a one-parameter deformation π : X → C whose any fiber is a toric manifold such that X 0 := π −1 (0) ∼ = X and the degree matrix of a general fiber X t := π −1 (t) (t = 0) is obtained by replacing the first column and the fourth column of the one of X by Put D 0 , D 1 , D 2 , E 1 , E 2 , E 3 , F be the torus invariant prime divisors corresponding to x, x 1 , x 2 , y 1 , y 2 , y 3 , z, respectively. By calculating the rational functions for the dual basis of the standard basis for N, we obtain −D 0 − D 1 − D 2 + F = 0, D 1 − D 2 = 0, E 1 − E 3 + F = 0 and E 2 − E 3 = 0 in Pic(X). {D 2 , E 3 , F } is a Z-basis for Pic(X), and the other torus invariant prime divisors are expressed as follows:
Thus, the degree matrix of X is There exists a one-parameter deformation π : X → C such that X 0 ∼ = X and the degree matrix of a general fiber X t (t = 0) is obtained by replacing the first column and the last column of the one of X by One can easily see that the fan Σ ′ associated to X t is obtained by replacing x 2 ∈ G(Σ) by x ′ 2 := (1, −1, 1, 0). The primitive relations of Σ ′ are x 1 + x ′ 2 = y 1 , y 1 + y 2 + y 3 = 0 and x + z = y 1 . where G(Σ ′ ) = {x, x 1 , x ′ 2 , y 1 , y 2 , y 3 , z}. Thus, X t is a smooth toric Fano 4-fold of type D 7 . In particular, X is a smooth toric weakened Fano 4-fold.
Here, we summarize the central fibers X 0 and the general fibers X t for one-parameter deformation families X → C as in Examples 5.1 and 
